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^ Abstract 

^* Multiply-connected Calabi-Yau threefolds are of particular interest for both string 

theorists and mathematicians. Recently it was pointed out that one of the generic 

£N) degenerations of these spaces (occurring at codimension one in moduli space) is an 

isolated singularity which is a finite cyclic quotient of the conifold; these were called 
hyperconifolds. It was also shown that if the order of the quotient group is even, 
such singular varieties have projective crepant resolutions, which are therefore smooth 
Calabi-Yau manifolds. The resulting topological transitions were called hyperconifold 
i transitions, and change the fundamental group as well as the Hodge numbers. Here 

Batyrev's construction of Calabi-Yau hypersurfaces in toric fourfolds is used to demon- 
^ strate that certain compact examples containing the remaining hyperconifolds — the 

Z3 and Z5 cases — also have Calabi-Yau resolutions. The mirrors of the resulting 
transitions are studied and it is found, surprisingly, that they are ordinary conifold 
transitions. These are the first examples of conifold transitions with mirrors which are 
more exotic extremal transitions. The new hyperconifold transitions are also used to 
construct a small number of new Calabi-Yau manifolds, with small Hodge numbers and 
fundamental group Z3 or Z5. Finally, it is demonstrated that a hyperconifold is a phys- 
ically sensible background in Type IIB string theory. In analogy to the conifold case, 

^ non-perturbative dynamics smooth the physical moduli space, such that hyperconifold 

transitions correspond to non-singular processes in the full theory. 
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1 Introduction and discussion 

This paper is a follow-up to [1J, in which a class of threefold singularities and asso- 
ciated topological transitions were studied. These are isolated Calabi-Yau threefold 
singularities which are quotients of the conifold by a finite cyclic group Z^r; such a sin- 
gularity was named a Zjv-hyperconifold. They occur naturally in singular Calabi-Yau 
varieties which are limits of families of smooth multiply-connected spaces, when the 
generically-free group action on the covering space develops a fixed point. 

It was shown in [1] that any projective variety with a Z2M-hyperconifold singularity 
has a projective crepant resolution, establishing the existence of hyperconifold transi- 
tions between smooth compact Calabi-Yau threefolds. The analysis was not sufficient 
to demonstrate the existence of the remaining cases — the Z3- and Zs-hyperconifold 
transitions — as the local resolution process did not guarantee that the resolved man- 
ifold was projective (and hence Kahler). Like the more familiar conifold transitions, 
hyperconifold transitions change the Hodge numbers; for a Z7v-hyperconifold transi- 
tion, the change is 

S(h 1 ' 1 ,h 2 ' 1 ) Zff = (N-l,-l) • (1) 

A novel feature is that the fundamental group can also change. 

The present work has several objectives. We work mainly within the class of Calabi- 
Yau hypersurfaces in toric fourfolds, first described systematically by Batyrev [2] and 
then enumerated by Kreuzer and Skarke [3J. The formalism is reviewed in Section pi 
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and then used in Section [3] to demonstrate that Z3- and Zs-hyperconifold transitions 
do connect compact Calabi-Yau manifolds. Perhaps more interestingly, it can also be 
used to study the mirror processes to these transitions, which turn out to be ordinary 
conifold transitions. They therefore provide a counter-example to an old conjecture 
of Morrison [4J that the mirror of a conifold transition is another conifold transition. 
The examples herein show that, while this is a very tempting conjecture, it is not true 
in general. They also motivate a modest conjecture, that the mirror process to any 
Zjv-hyperconifold transition is a conifold transition in which the intermediate variety 
has N nodes. It is probably possible to use the local techniques of [5j [6J to prove this 

The mirror conifold transitions have another interesting feature. Batyrev and 
Kreuzer showed that within the class of Calabi-Yau hypersurfaces in toric fourfolds, 
mirror symmetry exchanges the fundamental group (which in these cases can only be 
Z2,Z3 or Z5) with the Brauer group, which is the torsion part of H 3 (X, Z) [8]. Since 
the hyperconifold transitions studied here destroy the fundamental group, their mirror 
conifold transitions should destroy the Brauer group. This is not a new phenomenon 
(see for example [9]), but here mirror symmetry gives a clear reason for it to occur. 

Once we know that hyperconifold transitions exist, we can use them to try to con- 
struct new Calabi-Yau manifolds. This was mentioned in [TJ, but no explicit examples 
were given. In Section [3.1.3 and Section 3.2.1 we use the new results of this paper to 
construct some previously unknown Calabi-Yau manifolds via Z3- and Zs-hyperconifold 
transitions. 

If two Calabi-Yau manifolds are mathematically connected by a topological tran- 
sition, we might ask whether the corresponding physical theories, obtained by com- 
pactifying string theory on these spaces, are also smoothly connected. It is shown in 
Section [4] that the physical moduli space, at least in Type IIB string theory, is per- 
fectly smooth through a point corresponding to a hyperconifold transition. The story 
is very similar to that of a conifold transition, worked out in [ID]. The results of [I] 
and the present paper therefore have significant implications for the connectedness of 
the moduli space of Calabi-Yau threefolds, and the associated string vacua. Soon after 
Reid suggested the idea that all threefolds with c\ = may be connected by conifold 
transitions this was shown to be true for almost all known Calabi-Yau examples 
[121 113]. But conifold transitions cannot change the fundamental group, so this cannot 
be the whole story. Hyperconifold transitions then fill an important gap, since they 
still involve relatively mild singularities, but can change the fundamental group as well 
as the Hodge numbers. Whether conifold and hyperconifold transitions between them 
can connect all Calabi-Yau threefolds is an interesting open question. 

Before moving on, it may be helpful to illustrate the hyperconifold phenomenon by 
considering a simple non-compact example. Let the group Z2 act on C 4 as follows: 

(2/1,2/2,2/3,2/4) -> (-2/1,-2/2,-2/3,-2/4) • 
Then suppose we have a hypersurface X given by a polynomial equation / = 0. If we 
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want X to be invariant under Z2, and its quotient X = Xj7Li to be Calabi-Yau, then 
the polynomial / must be invariant. As such, it can be written (perhaps after a change 
of coordinates) as 

/ = q + yiy4 - 2/2 y3 + 0(y 3 ) , (2) 

since no invariant linear terms exist. For a$ 7^ 0, X is smooth, and does not contain 
the origin, so the quotient X is also smooth, with fundamental group isomorphic to 
Z2. However, if we take the limiting case «o = 0, we see that X then contains the 
origin, and that this point is a node, or conifold singularity. The corresponding singu- 
larity on X is therefore a Z2 quotient of the conifold. Locally, it looks like the vector 
bundle 0{— 2, —2) — > P 1 x P , with the zero section projected to a point. Blowing up 
the singular point gives a crepant resolution of the singularity by restoring this zero 
section. For more details, including the toric data for this and the other hyperconifold 
singularities, see pp. 

Our main interest here is in compact Calabi-Yau threefolds, and transitions be- 
tween them. Most known multiply-connected Calabi-Yau threefolds are obtained as 
free quotients of complete intersections in products of projective spaces. A few ex- 
amples were discovered long ago |14| [15] [To] , and recently a more systematic search 
has been performed, leading to a complete enumeration of the manifolds which can be 
constructed this way \17\ \TE[ [19] . A smaller number of examples occur as hypersurfaces 
in toric fourfolds [8 J , or as free non-toric quotients of such hypersurfaces [20J , which is 
a largely unexplored classj^] The cyclic fundamental groups which are known to occur 
are those of order N = 2, 3, 4, 5, 6, 8, 10, 12. In all cases, there is an action of Z^r on 
the ambient space which has fixed points, and these are missed by a generic member of 
the family of embedded Calabi-Yau threefolds. If such a threefold is deformed until it 
does contain a fixed point, the quotient variety develops a hyperconifold singularityn 



2 Toric geometry and the Batyrev construction 

Here we will briefly review Batyrev's construction of Calabi-Yau hypersurfaces in toric 
varieties [2]. This will serve mainly to establish notation, as several conventions have 
been used in the literature. We will specialise to the case of Calabi-Yau threefolds in 
toric fourfolds. 

Let N be a lattice, N = Z 4 , and M its dual lattice. It is convenient to choose a 
basis for N, with corresponding dual basis for M, so we can use coordinates. Points of 
N correspond to one-parameter subgroups of the algebraic torus T 4 = (C*) via the 
map 

N3 (rn,ra 2 ,n 3 ,n 4 ) i-> {(A ni , A™ 2 , A™ 3 , A™) | A G C*} , 

2 There are also certain exceptional cases, such as the quotients of the Horrocks-Mumford quintic |21j and 
the Gross-Popescu manifolds [22 [53], but these are not discussed here. 

3 It is possible for worse singularities to occur instead, because the quadratic terms in the analogue of 
Equation ([2]) may always be degenerate. This does not seem to happen in products of projective spaces. 
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while points of M correspond to monomials on T 4 considered as an algebraic variety, 
via the map 

M B ( mi ,m 2 ,m 3 ,m 4 ) ^ t™H™H™H™ 4 . (3) 

We will denote by x m the monomial associated to m 6 M. The two lattices are 
naturally embedded in the vector spaces JVr = iVcgi^M and Mr = M®zM, respectively. 

Batyrev's construction begins with a polytope A in Mr, which satisfies the following 
conditions: 

• The vertices of A are lattice points i.e. they lie on M C Mr. 

• The faces of A lie on hyperplanes of the form 

H n = {me Mr I (m,n) > -1} 

where n £ N is a primitive lattice vector]^] Note that this implies that A contains 
the origin as its unique interior point. 

Such a A is called reflexive. We also define the dual polytope A* C JVr by 

A* = {n £ JV R | (m, n) > -1 V m G A} . 

By taking cones over the faces of A*, we get the fan for a toric variety which we will 
denote by Pa (the notation reflects the fact that every variety constructed this way is 
projective). It is a simple fact that A* is also reflexive. 

We need one final definition. Given a Laurent polynomial / = Y^mEM c mX m > its 
Newton polytope is the convex hull in Mr of those points for which c m 7^ 0. We will be 
interested in those / which have A as their Newton polytope. The vanishing of such 
an / gives an affine sub- variety of T d , and the closure of this inside Pa is a Calabi-Yau 
variety. 

Since both A and A* are reflexive, we can reverse their roles in the above construc- 
tion. The two families of Calabi-Yau hypersurfaces are then mirror to each other. 

2.1 Homogeneous coordinates 

It is very convenient to use homogeneous coordinates for the ambient toric space, as 
introduced by Cox in [23]. Let £ be a fan for a toric variety Z. Then we can construct 
Z from S as follows. 

Suppose £ contains d one-dimensional cones, which are rays, and let v p be the first 
lattice vector on the p'th ray. We associate with it a complex coordinate z p . Together, 
these are coordinates on C d , and will be our homogeneous coordinates for Z. As in 
the construction of ordinary projective space, our first step is to delete a certain subset 
of C d . In short, we keep the set where z pi , . . . , z Pk vanish simultaneously if and only 
if the vectors v pi , . . . , v Pk span a cone in S. We then impose a number of equivalence 

4 A lattice vector is called primitive if it is the first lattice point on a ray. 
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relations on the resulting space, one for each linear relation satisfied by the vectors, as 
follows 

Y^a p v p = Q => (z 1 ,Z2,...,z d )^(X a 'z 1 ,X a2 Z2,-..,X ad z d ) V A G C* . 
p 

There can be further, discrete identifications, which will be important for us, but we 
will postpone their discussion for now. 

In the cases of interest, £ consists of cones over (some triangulation of) the faces of 
a reflexive polytope A*. Calabi-Yau hypersurfaces can now be defined by the vanishing 
of homogeneous polynomials, which are obtained from points of M via a homogeneous 
version of Equation ^ : 

M 3m m> J]4 m '" P>+1 • ( 4 ) 

p 

3 Transitions between toric hypersurfaces and 
their quotients 

In this section we will turn to examples of hyperconifold transitions between Calabi- 
Yau hypersurfaces in toric fourfolds. The required analysis of reflexive polytopes was 
greatly assisted by the software package PALP [25] . 



3.1 The Z3 quotient of the bicubic 

The family of 'bicubic' manifolds X 2 ' 83 are hypersurfaces in P 2 xP 2 , cut out by a single 
polynomial of bidegree (3,3). Products of projective spaces are toric varieties, so we 
can use Batyrev's formalism for Calabi-Yau hypersurfaces in toric fourfolds [2]. 

If we take homogeneous coordinates (zq, z%, Z2) on the first P 2 and (23, £4, 25) on the 
second P 2 , then we can take the corresponding vectors in N = Z 4 to be 







Z2 


z% 


Z4 


Z5 


1 





-1 














1 


-1 




















1 





-1 














1 


-1 



It is easy to see that the linear relations between these vectors induce the two ex- 
pected rescalings of the coordinates. The convex hull of these six points is a reflexive 
polytope A*. 

Using Equation Q, we can write down the monomial corresponding to a point of 
the dual lattice M in the present case: 

(m 1 ,m 2 ,m 3 ,m 4 ) ^ z X + m ^ z^ m * z^~ m * z\ +m * z\ +m * z\- m3 ~ m * = X m ■ (5) 
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It is easy enough to check that the polytope A, dual to A* above, corresponds exactly 
to bicubic monomials under this map. 

We now define an action of Z3, generated by 

93 ■ Zi -> Zi , (6) 

where £ = exp(27ri/3). The resulting orbifold (P 2 x P 2 )/Z3 is also toric, and we obtain 
its fan simply by sub-dividing the lattice N. It is instructive to carry this out explicitly. 
Polynomials on the quotient are exactly those polynomials on the covering space which 
are invariant under the Z3 action. Under this action, we see from ^ that 

_,m £-mi—m2+m 3 —m4 m 

so the sub-lattice M' C M corresponding to Z3-invariants is determined by the condi- 
tion mi — 1712 + W3 — W4 = mod 3. The polytope A is also reflexive with respect to 
M' , and so determines a family of Calabi-Yau hypersurfaces in the quotient. 

A short algebraic exercise determines a basis for the corresponding dual lattice 
N' C TVr, which is a refinement of the lattice N: 

N' = ((l, 0,0,0), (0,1, 0,0), (0,0, 1,0), f-1 1 -i 1 

We can re-express the generators of our fan in terms of this basis: 



zo 


z\ 


Z2 


Z3 


Z4 


Zf, 


1 





-1 





1 


-1 





1 


-1 





-1 


1 











1 


1 


-2 














3 


-3 



! xP 2 )/Z 3 : 



Generic hypersurfaces determined by A miss the orbifold points, and therefore give 
a family of smooth, multiply connected Calabi-Yau threefolds, with Hodge numbers 
(h ,1 , h 2,1 ) = (2, 29). This is well known; see for example We are now interested 
in specialising to the case where the Calabi-Yau hypersurface intersects one of these 
singularities, and therefore has a Z3-hyperconifold singularity. 

Let us focus on the fixed point z\ = Z2 = Z4 = z§ = 0. There is a single monomial 
which is non-zero at this point: ZqZ^. This corresponds to the point (2, —1, 2, —2) E M', 
which is in fact a vertex of A. So we obtain a hyperconifold singularity precisely when 
the coefficient of this monomial vanishes, and in this case the polynomial / has a 
reduced Newton polytope A, obtained as the convex hull of the lattice points in A, 
minus the vertex above. 

So it is now clear how the resolution process proceeds: the new dual polytope, A*, 
is larger than A*, and the extra vertices correspond to exceptional divisors resolving 
the orbifold singularity in the ambient space. The results of [5] imply that this resolves 
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the Z3-hyperconifold singularity as well, but we will check this explicitly below. We see 
that in this case, and indeed all those in the present paper, the hyperconifold transition 
is a link in the web of toric hypersurfaces described by Kreuzer and Skarke |3J. 

In PQ, the local toric structure of the Z3-hyperconifold singularity was described, 
and the corresponding toric diagram is reproduced in Figure [TJ along with those for 
the two distinct local crepant resolutions. The resolution we have just implicitly con- 
structed must correspond to one of these. It will turn out to be the first, but to see 
this we will have to go into more detail. 



Figure 1: The toric diagram for the Z3-hyperconifold, and its two crepant 
resolutions. The first resolution is the one which occurs in the example of 
this section. 



It turns out that A* , which corresponds to a space in which the orbifold singularity 
is resolved, is obtained from A* by adding two more one-dimensional cones, which are 
contained in the top-dimensional cone of A* corresponding to the orbifold point j^] We 
will call the corresponding new homogeneous coordinates Zq, z?; our list of coordinates, 
and corresponding lattice points, is now 





Zl 


z-2 


Z3 


Z 4 




Z6 


27 


1 





-1 





1 


-1 


-1 








1 


-1 





-1 


1 

















1 


1 


-2 


-1 

















3 


-3 


-1 


1 



The new relations are 

3vq — V\ — 2V2 — V 4 — 2v 5 = 

3^7 — 2vi — v 2 — 2v4 — v 5 = 

PALP gives us the various faces of A*. There are four non-simplicial facets, which 
must be triangulated in order to resolve the corresponding toric fourfold. We will focus 

5 It should be noted that adding just one of the two new cones gives a polytope which is not reflexive; 
there is no 'halfway house' between A* and A*. 
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on one such facet; the other three can be treated identically. Its vertices correspond 
to the homogeneous coordinates Zq, Z\, 24, 25, 27. The two-dimensional faces of this 
polyhedron are then 

(zo^4) , {zqZ\Z 5 ) , (2 2 4 2 5 ) , 
{ZIZAZ 7 ) , (ZIZ 5 Z 7 ) , (Z4Z5Z7) . 

We see that zq and 27 appear thrice each, while the other coordinates each appear four 
times; this implies that the polyhedron looks like Figure [2} It has an obvious maximal 
triangulation, given by adding a new two-dimensional face (212425}, which divides it 
into two minimal tetrahedra. In fact, we have no choice but to take this triangulation 
- we are resolving an orbifold point of (P 2 xP 2 )/Z3, in which £1,24,2:5 are certainly 

allowed to vanish simultaneously, so this two-face was already there. 

Z7 




Figure 2: One of the non-simplicial faces of A*. Adding the two-simplex 
(212425) gives a maximal triangulation. Vertices are labelled by the corre- 
sponding homogeneous coordinates. 

Batyrev tells us that the procedure above resolves the Z3-hyperconifold singularity, 
and we would like to know to which local resolution this corresponds, where the two 
possibilities are shown in Figure [TJ To answer this question we will examine the excep- 
tional set of the resolution. Inspection of Figure [TJ and the 'star construction' of toric 
geometry, as described in [27] , tell us that in the first case, the exceptional set consists 
of two copies of the Hirzebruch surface Fi , intersecting along a P 1 , while in the second 
it consists of two disjoint surfaces, each isomorphic to P 2 . 

The two components of the exceptional set in the case at hand are given by zq = 
and zj = 0, respectively. Let us examine the component z§ = first. After the 
triangulation described above, zq = implies that zq 7^ and 2:3 7^ 0. We can therefore 
set zq = Z3 = 1, using the usual rescaling relations of the two P 2 's. This leaves us 
with homogeneous coordinates 21,22,24,25,27 for some toric threefold, and remaining 
identifications which are equivalent to the following: 

(21,22,24,25,27) ~ (jU2i, A 2 2 , ^24, A 25, n~ 2 \ z 7 ) , A,/i G C* . 
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The interpretation of this is that £1,2:4 are homogeneous coordinates for a base P , 
while 02)^5)^7 are homogeneous coordinates on the fibres of the projective bundle 
P(Opi®Opi©Opi (— 2)) (indeed, a careful inspection of the fan reveals that before 
taking the quotient, we must delete the sets {zi = Z4 = 0} and {z2 = z§ = z§ = 0}). 
The exceptional divisor in our Calabi-Yau hypersurface is then given by restricting the 
equation / = to this threefold. 

If we take all the monomials coming from A and set zq = z% = 1 and zq = 0, we 
are left with 

Z\Z 2 , Z2ZA , Z±Z 5 , Z A Z<j , zfz 7 , 

zfz^zi , z 1 z 2 z 7 , z\z 7 . 

Consider an arbitrary linear combination of these. If we set zx,Z4 to any values, we 
are left with something linear in the homogeneous coordinates of the P 2 fibre. So the 
exceptional divisor is a P 1 bundle over the base P 1 parametrised by z\,z±, i.e. it is a 
Hirzebruch surface. An identical analysis holds for the component zj = 0, and it is 
easily checked that the two components overlap on a P 1 , so the resolution realised is 
the first of those in Figure [T] 

Finally, we ask about the topological data of the resolved Calabi-Yau. This can 
be calculated directly from the polytope A, and the Hodge numbers turn out to 
be (h ' , h 2 ' 1 ) = (4,28). So the change realised by the hyperconifold transition is 
^(/i 1 ' 1 , h 2,1 ) = (2, —1), in accord with the argument of [1] which implied Equation ([!]) 
- we imposed a single condition on the complex structure, and the resolution intro- 
duced two new divisor classes. Furthermore, the new family of manifolds X 4,28 are 
simply-connected, because the fundamental group was destroyed by allowing a fixed 
point of the Z3 action to develop; this also follows simply from Theorem 1.6 of [8]. 

3.1.1 The mirror transition 

Batyrev's construction allows us to easily identify the mirror of a Calabi-Yau hyper- 
surface in a toric variety: we simply exchange the roles of the polytopes A and A*. 
This will allow us to identify the process which is mirror to the above transition; on 
general grounds, it will be a projection from X 29,2 C Pa* to a singular member of 
X 28,4 C P^„ , followed by a smoothing. Surprisingly, we will see that this turns out to 
be an ordinary conifold transition, as discussed in Section [TJ 

We obtain A from A by removing a single vertex, corresponding to blowing down 
a divisor)^] Four other points, which were interior to higher-dimensional faces of A, 
become vertices of A. We will use w instead of z for the homogeneous coordinates in 
this section, to avoid confusion, and order them so that these four are wi, W2, W3, w&; 
the corresponding points are the vertices of a two-face. In any maximal triangulation 

6 The divisor, which is a threefold, may be blown down to a curve or a surface, depending on the chosen 
triangulation of A. We are interested in maximal triangulations, in which case the divisor is blown down to 
a surface, as we will see. 
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of A, this must be divided into two triangles, by adding to the fan either (w\W2) or 
(W3W4). We will consider the first option. Then adding the new point to pass to A 
corresponds to blowing up along the toric surface S given by w\ = W2 = 0. We see 
this by noting that, if we call the new coordinate wo, the associated vectors satisfy 
Uq — U\ — U2 = 0. 




Figure 3: Part of the boundary of A, with the vertices labelled by the 
corresponding coordinates. The red two-face can be triangulated by adding 
the one- face [w\W2). This one- face is then bisected by the new ray which 
is added to pass to A. 

Now consider the singular Calabi-Yau varieties, which are mirror to the hyperconi- 
fold from the last section. These spaces are singular members of X 28 ' 4 , given by setting 
to zero the coefficients of the two monomials coming from the points vq , vj of A* , which 
do not belong to A*. It is a quick check that these two monomials are the only ones 
which are not identically zero on the surface w\ = W2 = 0, so the singular varieties 
contain the surface S from above, and are resolved when it is blown up. 

In the ambient toric space, the exceptional divisor is a P 1 bundle over S, since S 
is codimension two. We want to calculate the exceptional set in the resolved Calabi- 
Yau manifolds X 29,2 . After the introduction of wo, the coordinates w\ and W2 become 
homogeneous coordinates on the P 1 fibres. Inspecting Figure [3J we see that on the 
exceptional divisor, given by wq = 0, we must have W{ 7^ V i > 8, so we can use the 
toric scaling relations to set wi = 1 V i > 8. Then, setting wq = 0, the most general 
polynomial defining our Calabi-Yau hypersurface is 

wiiaiw^w^ + 02^1^3) + ^2(03^)7^4 + a^WgWs) = . 
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We can now see that we actually have an ordinary conifold transition! There is a 
unique solution for the ratio [wi : W2] unless the two quantities in brackets vanish 
simultaneously, in which case an entire copy of P 1 projects to the corresponding point 
of S. Starting from the fan for S, obtained from the star construction and shown in 
Figure |4j it is easy enough to check that this occurs at three points, so the exceptional 
set is three disjoint copies of P . This implies that the change in the Euler number is 
Ax = 3*2 = 6, which is consistent with the change in the Hodge numbers. 




Figure 4: The fan for the toric surface S, along which we blow up to 
realise the conifold transition from X 28 ' 4 to X 29,2 . 

The above is a standard story for conifold transitions. The singular varieties contain 
the surface S as a non-Cartier divisor, which passes through the three nodes. Blowing 
up along S provides a small resolution of all the nodes, and the resulting smooth variety 
is guaranteed to be projective. So the mirror of the Z3-hyperconifold transition is an 
ordinary conifold transition, where the intermediate singular variety has three nodes. 
Note that according to [8], X 28 ' 4 has no torsion in its cohomology, whereas X 29,2 has 
Brauer group Z3, so these conifold transitions change the Brauer group. 

3.1.2 Multiple hyperconifolds 

We started with Calabi-Yau hypersurfaces X 

2,29 in p2 x p2 

/Z3, and saw that imposing 

a single condition on the complex structure causes them to intersect one of the orbifold 
points. Clearly, there is no reason why we cannot do this for multiple points at once. 
The resolution process is essentially local, so we get transitions where the intermediate 
variety has multiple hyperconifold singularities. 

Alternatively, we can think of doing this in distinct steps: after performing a single 
hyperconifold transition to X 4 ' 28 , the ambient space still has a number of orbifold 
points, and we can ask for the hypersurface to intersect one of these. This process can 
continue while the ambient space still has unresolved orbifold points. There are nine 
fixed points of the original Z3 action on P 2 x P 2 , so we get a chain of nine hyperconifold 
transitions^ 

x-2,29 _ v-4.28 ^ v6,27 _ y-8,26 „ v 2 0,20 

y\ > y\ 'S^> y\ > ^\ - > , . . > y\ 

Only at the first step is there any change in the torsion part of the (co)homology. 
7 One can check that at no point do any 'extra' singularities arise from restricting the complex structure. 
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3.1.3 New manifolds from the Z 3 xZ' 3 quotient 

All the manifolds discussed above are hypersurfaces in toric fourfolds, and therefore 
already appear in the Kreuzer-Skarke list; we merely showed that they are connected 
by hyperconifold transitions. Here we turn to an example of how new Calabi-Yau 
manifolds can be constructed by considering hyperconifold transitions from known 
ones. 

A smooth sub-family of bicubics actually admit a free action by Z3XZ3, giving a 
smooth quotient family with Hodge numbers (h 1 ' , h 2 ' 1 ) = (2,11). The first Z3 still 
acts as in Equation ([6]), but the second does not act torically, instead permuting the 
homogeneous coordinates of each P 2 , 



The quotient manifolds X 2 ' 11 = X 2 ' 83 /Z3xZ 3 are therefore not toric hypersurfaces, and 
we will see that we can generate genuinely new manifolds by hyperconifold transitions 
from them. 

The action of g' 3 on the ambient space permutes the nine fixed points of 53 , which 
therefore fall into three orbits of three. So now, when we ask for a fixed point of 53 to 
develop on the covering space X 2 ' 83 , three will in fact develop, and these are identified 
by the action of g' 3 . Taking the quotient by just Z3 and simultaneously resolving the 
three singularities will realise the transition from X 2,29 to X 8,26 , i.e. the first three 
links in the chain of last section, in one step. We can restrict the Kahler form such 
that the exceptional divisors over each point have the same volume, and in this way 
X 8,26 inherits a free action of Z 3 , by which we can quotient. We have therefore in fact 
described a hyperconifold transition from X 2 ' 11 = X 2 ' 83 /Z3xZ 3 to a new manifold 
X 4,10 = X 8 ' 26 /Z 3 . As before, we can now perform the same process for the remaining 
Z 3 -orbits of fixed points, of which there are two. 

In summary, we obtain a short chain of hyperconifold transitions, 



where the last three spaces all have fundamental group Z3, being free quotients by 



g' 3 of X 8 ' 26 , X 14 ' 23 , X 20 ' 20 respectively. The families X 4 ' 10 and X 8 ' 8 are certainly 



new manifolds, since no existing manifolds have the same Hodge numbers and fun- 
damental group. X 6,9 , on the other hand, could well be the same as Yau's famous 
three-generation manifold [2S\ I29| . This suspicion is strengthened by the fact that 
their covering spaces have the same Hodge numbers. 

3.2 The Z 5 quotient of the quintic 

A smooth quintic hypersurface in P 4 is a Calabi-Yau manifold, with Hodge numbers 
(h ' , h 2,1 ) = (1, 101). If we take homogeneous coordinates Zi, i = 0, ... ,4, an action 
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of Z5 on P 4 can be defined by 



95 ■ Zi -> C% 



1 ■ 



where £ = exp(27ri/5). It is well known that generic quintic polynomials invariant 
under this action determine smooth Calabi-Yau manifolds without fixed points. The 
resulting family of smooth quotients are X 1 ' 21 . We can perform an analysis almost 



identical to that in Section 3.1 to show that there is a hyperconifold transition to a 
simply-connected family X 5 ' 20 ; here we only sketch the details. 

Imposing a single condition on the complex structure of X ,21 , we can arrange for 
the covering space to contain one of the fixed points of the Z5 action, say (1, 0, 0, 0, 0), 
and this gives rise to a Zs-hyperconifold in X 1 ' 2 . As in the example of Section 3.1 the 



singular point is also a fixed point of the torus action on the ambient space, and when we 
resolve it we get another toric fourfold. The resolution introduces four new coordinates 
in this case, which we label z$, zq, zj, z%, such that the homogeneous coordinates and 
corresponding vectors are: 



Z() 




Z-2 


z?, 




Z5 


Z6 


Z7 


Z8 


1 








-4 


3 


-2 





-1 


1 





1 





-3 


2 


-1 








1 








1 


-2 


1 


-1 








1 











5 


-5 


2 


-1 


1 


-2 



The proper transforms of the singular Calabi-Yau varieties are smooth Calabi-Yau 
manifolds X 5 ' 20 in this new ambient space. The Hodge numbers follow from the general 
formula ([!]), and are again confirmed by PALP. 

The toric diagram for the Zs-hyperconifold singularity is shown in Figure [5j and 
it is easy to see that there are several possible crepant resolutions. The topology of 
the one realised by the resolution constructed here is more difficult to find than in the 



analogous problem of Section 3.1, and has not been investigated 



The mirror to the transition above can be found by the same method as that in 



Section 3.1 and the story is very similar. The mirror varieties to the singular members 
of X 1,21 are singular members of X 20 ' 5 , all of which contain a toric surface 5", and 
generically have five nodes which lie on this surface. Blowing up along S' resolves 
the nodes, leading to smooth manifolds X 21,1 , and this resolution is mirror to the 
deformation of the hyperconifold. Similarly, the nodes can be smoothed by passing 
to a general member of X 20,5 , which is mirror to the resolution of the hyperconifold. 
So the mirror to this Zs-hyperconifold transition is a conifold transition in which the 
intermediate variety has five nodes, consistent with our conjecture of Section [TJ Note 
that X 20 ' 5 has no torsion in its cohomology, but X 21,1 has Brauer group Z5. 

3.2.1 More transitions, and another new manifold 

Again there are further hyperconifold transitions possible; this time there are five 
orbifold points in the original ambient space P 4 /Zs, and we get the following chain of 
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Figure 5: The toric diagram for the Zs-hyperconifold. 



transitions: 

X l,2l ^ X 5,20 ^ X 9,19 ^ X 13,18 ^ ^17,17 ^ ^21,16 _ 

The first manifold has fundamental group Z5, while the other five all have torsion- free 
(co)homology. 

In analogy with the bicubic case, we can now consider the action of a second group 
Z5, which acts by permuting the homogeneous coordinates of P 4 . It is well known that 
there is a family of smooth hypersurfaces invariant under Z5XZ5, giving rise to the 
quotient X 1 ' 5 = X 1 ' 101 /Z 5 xZ' 5 . 

Now all five fixed points of Z5 are identified by the Z' 5 action, so if we look for 
hyperconifold transitions from X 1 ' 5 , we get just one, 

X l,5 ^ X 5,4 j 

where the new manifold has fundamental group Z5, and is a free quotient of X 21,16 
from above. Once again, we have found a brand new manifold, in fact the first one 
known with Hodge numbers (h 1 ' 1 , h 2 ' 1 ) = (5,4). 

It is clear that there are many new manifolds, some with quite small Hodge numbers, 
waiting to be found via hyperconifold transitions from known spaces. No systematic 
approach to this has been attempted. 



3.3 Calabi-Yau hypersurfaces in Pf 2 1 1 1 1) 

It is clear from the previous sections that hyperconifolds do not only occur in the moduli 
space of multiply-connected Calabi-Yau manifolds. More generally, they can occur in 
families of varieties which are complete intersections in an ambient space with orbifold 
singularities, where a generic member of the family does not intersect the singularities. 
As an example, we will consider Calabi-Yau hypersurfaces in the weighted projective 
space P(2,i,i,i,i)- 
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If the homogeneous coordinates (zq, z\, Z2, 23, Z4) are assigned weights (2, 1, 1, 1, 1), 
then the resulting weighted projective space has a Z2 orbifold singularity at the point 
(1,0,0,0,0). This can be seen by considering the affine patch zq / 0, and notic- 
ing that there are two choices of rescaling parameter which set zq — > 1; they are 
zt— L=. The corresponding local coordinates are therefore subject to the identification 

(2/1,2/2,2/3,2/4) ~ (—2/1, —2/2, —2/3, —2/4)- 

The family of Calabi-Yau hypersurfaces in this space are cut out by degree six 
(weighted) homogeneous polynomials. A generic such polynomial can, by a GL(4, C) 
transformation on the last four coordinates, be put in the form 

/ = a zl + zl(ziz A - z 2 z 3 ) + ... . 

The corresponding smooth hypersurfaces are simply-connected, by Theorem 1.6 of |8j, 
and the Hodge numbers are (h 1 ' , h 2 ' 1 ) = (1, 103). 

In the local coordinates near the orbifold point, / is just 

/ = Q + (yij/4 - 2/22/3) + • • • , 

so that over the distinguished locus in moduli space given by ao = 0, the family develops 
a Z2-hyperconifold singularity. As mentioned earlier, this singularity can be resolved by 
blowing up the orbifold point in the ambient space, taking us to a new family of smooth 
simply-connected Calabi-Yau threefolds, with Hodge numbers (h ' , h 2,1 ) = (2,102). 
This is easily confirmed by use of the toric formalism. 

This is an example of a hyperconifold transition between two simply-connected 
families, which furthermore does not belong to a series of such transitions starting 
with a multiply-connected manifold (if so, the Hodge number hr' 1 would have to be 
larger) . 

It should also be mentioned that hyperconifolds are not the only possibility in 
analogous situations. In some cases, a singularity will arise which is a quotient of a 
hypersurface singularity more severe than a node. The reader can see an example of 
this by considering Calabi-Yau hypersurfaces in m ! 



(4,1,1,1,1) ' 



4 Hyperconifolds in Type IIB string theory 

Singular Calabi-Yau varieties are particularly interesting in the context of string com- 
pactification where, contrary to intuition, they often give rise to a consistent physical 
theory. It has been known since the pioneering work of [30} I3"T] that orbifold sin- 
gularities can be understood in the context of string perturbation theory, whereas 
conifold singularities represent singularities of the worldsheet theory. However, in non- 
perturbative Type IIB string theory, the conifold singularity is resolved by the effects 
of light D-brane states [32]. Furthermore, when it is mathematically possible to carry 
out a conifold transition to a new Calabi-Yau manifold, this manifests in the physics 
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as a new branch of the low-energy moduli space [TO]- It was suggested in [JJ that a 
similar story should hold for hyperconifolds, and we will now show that this is indeed 
the case. The following argument is closely modelled on that of |X0|, I32j. and also uses 
the insights of [33] about D-branes wrapped on multiply-connected cycles. Much of 
what follows is well known, but is included in order to give a relatively self-contained 
account. 



4.1 The conifold 

For expository reasons, we will consider the case where a hyperconifold singularity 
arises in a space X = X/7*n, so that we can first consider the conifold singularity 
which occurs on the covering space X. 

On a Calabi-Yau threefold X, the homology group H%{X, Z) has a symplectic basis 
(with respect to the intersection form, which is necessarily symplectic) represented by 
three-cycles {A 1 , Bj} 1=1 ^(jn+i 1 complex structure moduli space of X admits 
complex homogeneous coordinates Z , and holomorphic 'functions' Fj defined in terms 
of the holomorphic three-form O by [33] 

z 1 = I n , Fr = [ n . 

J A 1 JBi 
The moduli space metric is Kahler, with Kahler potential 



K = - log 



i(z / F / -Z / F / )] . (7) 



The low-energy dynamics of the complex structure moduli fields is that of a non-linear 
sigma model with metric following from this potential. 

There are harmonic three-forms {aj, h 21 (x)+i on which are dual to the 

above cycles, and also related to each other by the Hodge star operator, (3 1 = *aj. The 
IIB theory contains a four-form potential with self-dual five-form field strength^] 
i^( 5 ) = *F^ . Upon compactification, this gives rise to a number of massless U(l) 
gauge fields, one for each of the harmonic three- forms, via a Kaluza-Klein reduction: 

C( 4 ) = ^ (C 1 A ai + Ci A /3 J ) + . . . . (8) 
I 

The Cj and C 1 are massless four-dimensional vector fields, and the self-duality con- 
straint on F^ implies the usual four-dimensional electric-magnetic duality relation 
dCj = *dC I . These vector fields pair up with the moduli fields Z to give the bosonic 
content (C 1 , Z 1 ) of h 2,1 (X) + 1 N = 2 vector multiplets, corresponding to the gauge 
group tf(l) ft2,1 (*)+l. 



8 In a background where all antisymmetric tensor fields are set to zero, as we consider here, we have simply 
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Now suppose we approach a point in complex structure moduli space where A 
develops a conifold singularity. At the conifold point, a particular three-sphere vanishes, 
and we will assume that this is the cycle A 1 . We chose our basis of harmonic three- forms 
so that only ai has a non-zero integral over this cycle, 

Ql = 1 . 

A 1 

A D3-brane couples electrically to , so the action for such a brane which is wrapped 
around A 1 and follows a worldline 7 in the four non-compact dimensions contains the 
term 

Ids D / = ai d= &. 



JA 1 x-y J A 1 J-y J-y 

In the four-dimensional theory, these states therefore manifest as a hypermultiplet car- 
rying unit electric charge under the U(l) corresponding to the gauge field C\. The mass 
of this hypermultiplet saturates a BPS bound coming from the N = 2 supersymmetry 
algebra [32] . 



M D3 oc \Z l \ 



n 

A 1 







At the conifold point, then, this hypermultiplet becomes massless, and so should be 
included in the low-energy theory. If instead it is integrated out, it exactly reproduces 
the classical singularity of the moduli space, via a divergent one-loop contribution to 
F 1 [35], 

Fi ~ const. + ^-.Z l log Z l . (9) 

If this is substituted into Equation Q, it is easily seen that the moduli space metric 
becomes singular at Z l = 0. However, this is now seen to be merely an artifact of 
integrating out massless states. 

The above is a telegraphic account of Strominger's description of conifold singu- 
larities in type IIB string theory. Now we will ask what happens when the conifold 
singularity of A lies over a ZAr-hyperconifold on X = A/Z^r. 



4.2 Hyperconifolds and their resolutions 

First, we observe that the moduli space of X is just a subspace of that of A, and 
inherits its Kahler geometry. Since by assumption the cycle A 1 is mapped to itself 
by the Z^v action, Z 1 is a good coordinate on this subspace, and we get exactly the 
same singularity implied by Equation Q. If the hyperconifold singularity is to make 
physical sense, we must find states on A which become massless at Z 1 = and again 
reproduce Equation ^ if integrated out. 

Such states are easy to identify. We now have a vanishing cycle A /Z^, which again 
can be wrapped by a D3-brane. But the worldvolume theory of such a brane contains a 
U(l) gauge field, so now that the worldvolume has fundamental group Z^r, its vacuum 
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becomes iV-fold degenerate, corresponding to the ./V choices of discrete Wilson line 
[55] . So instead of a single massless hypermultiplet, the theory on the quotient space 
X contains N such hypermultipletsj^] 

One might expect that these extra states lead to conflict with Equation ([9]), since 
each hypermultiplet will give the same contribution to F\. But this is a little too 
hasty. Equation Q comes about from a one-loop calculation, so the contribution of 
each hypermultiplet is proportional to the square of its charge, and we need to check 
whether this changes when passing from X to X. When we perform the Kaluza-Klein 
expansion of in Equation pi), the normalisation of the resulting kinetic terms for 



the C 1 depends on the normalisation of the a/, which ie 10 

ai A *ai = 1 . 



x 



The same condition should hold on X, but now we are integrating over only 1/N times 
the volume. The harmonic forms in which we expand on X should therefore be 
a'j = ^/N ai (where / now ranges over only those values for which aj is invariant under 
the group). As such, the charge of a D3-brane wrapped on A 1 /Z]y is 



L 



a'i = — I V N ai 



IAl/Zh N J A 1 VN 

There are N such hypermultiplets, so when integrated out they give 

2 



Fi ~ const. + iVx (-4=^ — Z 1 log Z 1 
\y/N J 2vri 



which agrees with Equation Q. We conclude that hyperconifold singularities are 
smoothed by the presence of massless D-brane states, just like the familiar case of the 
conifold. 

In this paper, and in [I], it has been shown that hyperconifolds can be resolved 
to pass to a new Calabi-Yau manifold. Since we now know that the singularity itself 
is physically innocuous, we should expect that the theory develops a new branch of 
moduli space corresponding to its resolution. This is true, and the process is completely 
analogous to the conifold case, discussed in [TO] . 

First recall that each hypermultiplet contains two complex scalars, each charged 
under the U(l) gauge group, so at the hyperconifold point the theory develops 4iV 



9 We might also wonder about massless states coming from winding modes of strings which attain zero 
length on the hyperconifold. See [33] for a nice explanation of why these need not be considered separately. 

10 We have normalised the ai by the condition f.j ai = 8j. Since (3 1 is Hodge-dual to ai and Poincare 
dual to A 1 , we automatically get 

/ ai A *aj = / aj A ft 1 = f ai = 1 . 

JX JX J A 1 
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new massless scalar degrees of freedom, transforming non-trivially under the ?7(1). We 
now argue that some of these are flat directions, corresponding to the the new Kahler 
parameters of the resolution. 

The N = 2 vector multiplet of interest contains one real and one complex auxiliary 
scalar, which in M = 1 language are respectively the .D-term associated with the vector 
C 1 , and the F-term associated with the complex modulus Z 1 . At the hyperconifold 
point Z 1 = 0, the vacuum conditions become just D = F = 0. These auxiliary fields 
are functions of the scalar components of the hypermultiplets charged under C 1 , so 
we get three real conditions on these scalars. There is also a one-parameter group 
of gauge rotations, which removes another degree of freedom. So we do indeed get a 
new AN — 4 = 4(N — l)-dimensional branch of moduli space, parametrised by N — 1 
hypermultiplets coming from the new massless states. Giving vacuum expectation 
values to these fields Higgses the U (1) and gives mass to both C 1 and Z 1 . In this way it 
corresponds to moving into the moduli space of the resolution of the hyperconifold; the 
new hypermultiplets are identified with the new Kahler parameters, and the fact that 
Z 1 becomes massive corresponds to the loss of a single complex structure parameter. 

Acknowledgements 

I would like to thank Mark Gross for helpful correspondence. This work was sup- 
ported by the Engineering and Physical Sciences Research Council [grant number 
EP/H02672X/1]. 



20 



References 



R. Davies, "Quotients of the conifold in compact Calabi-Yau threefolds, and new 
topological transitions," arXiv:0911.0708 [hep-th] , 

V. V. Batyrev, "Dual polyhedra and mirror symmetry for Calabi-Yau 
hypersurfaces in toric varieties," J. Alg. Geom. 3 (1994) 493-545. 

M. Kreuzer and H. Skarke, "Complete classification of reflexive polyhedra in 
four-dimensions," Adv.Theor.Math.Phys. 4 (2002) 1209-1230, 



arXiv:hep-th/0002240 [hep-th] 



D. R. Morrison, "Through the looking glass," in *Montreal 1995, Mirror 
symmetry 3* (1995) 263-277, [arXiv : alg-geom/9705028v2[ 

T. Chiang, A. Klemm, S.-T. Yau, and E. Zaslow, "Local mirror symmetry: 
Calculations and interpretations," Adv.Theor.Math.Phys. 3 (1999) 495-565, 



arXiv:hep-th/9903053 [hep-th] 



M. Gross, "Examples of Special Lagrangian Fibrations," in *Symplectic 
Geometry and Mirror Symmetry: Proceedings of the J^th KIAS Annual 
International Conference* (2001) 81-110, |arXiv:math/0012002| 

Mark Gross, private communication. 

V. Batyrev and M. Kreuzer, "Integral cohomology and mirror symmetry for 
Calabi-Yau 3-folds," [arXiv: math/0505432 [math-ag]| 

M. Gross and S. Pavanelli, "A Calabi-Yau threefold with Brauer group 
(Z/8Z) 2 ," Proceedings of the American Mathematical Society 136 (2008) 1—9, 
larXiv: math/05121821 

B. R. Greene, D. R. Morrison, and A. Strominger, "Black hole condensation and 



the unification of string vacua," Nucl. Phys. B451 (1995) 109-120 



arXiv : hep-th/9504145 



M. Reid, "The moduli space of 3-folds with K=0 may nevertheless be 
irreducible," Math. Ann. 278 (1987) 329. 

P. S. Green and T. Hubsch, "Connecting moduli spaces of Calabi-Yau 



threefolds," Commun. Math. Phys. 119 (1988) 431-441, 



P. S. Green and T. Hubsch, "Phase transitions among (many of) Calabi-Yau 
compactifications," Phys. Rev. Lett. 61 (1988) 1163. 



P. Candelas, G. T. Horowitz, A. Strominger, and E. Witten, "Vacuum 



Configurations for Superstrings," \Nucl. Phys. B258 (1985) 46-74 



A. Strominger and E. Witten, "New manifolds for superstring compactification," 



Commun. Math. Phys. 101 (1985) 341 



21 



P. Candelas, C. A. Lutken, and R. Schimmrigk, "Complete Intersection 



Calabi-Yau Manifolds. 2. Three Generation Manifolds," Nucl. Ph ys. B306 
|(1988) 113| 

P. Candelas and R. Davies, "New Calabi-Yau Manifolds with Small Hodge 
Numbers," \Fortsch. Phys. 58 (2010) 383-466| |arXiv : 0809 . 468 1 [hep-th] [ 



V. Braun, "On Free Quotients of Complete Intersection Calabi-Yau Manifolds," 
|arXiv: 1003.3235 [hep-th] [ 

P. Candelas and A. Constantin, "Completing the Web of Z% - Quotients of 
Complete Intersection Calabi-Yau Manifolds," arXiv: 1010. 1878 [hep-th] , 

V. Braun, P. Candelas, and R. Davies, "A Three-Generation Calabi-Yau 
Manifold with Small Hodge Numbers," \Fortsch. Phys. 58 (2010) 467-502[ 



arXiv:0910.5464 [hep-th] 



G. Horrocks and D. Mumford, "A rank 2 vector bundle on P 4 with 15,000 
symmetries," Topology 12 (1973) 63-81. 

M. Gross and S. Popescu, "Calabi-Yau Threefolds and Moduli of Abelian 



Surfaces I," Compositio Mathematica 127 (2001) 169, |arXiv : ma th/0001089 , 

M. Gross and S. Popescu, "Calabi-Yau Threefolds and Moduli of Abelian 
Surfaces II," |arXiv:0904.3354| 

D. A. Cox, "The Homogeneous Coordinate Ring of a Toric Variety, Revised 



Version," arXiv : alg-geom/92 10008 



M. Kreuzer and H. Skarke, "PALP: A Package for analyzing lattice polytopes 



with applications to toric geometry," Comput. Phys. Commun. 157 (2004) 
|87-106[ [arXiv : math/0204356| 

P. Candelas, X. de la Ossa, Y.-H. He, and B. Szendroi, "Triadophilia: A Special 
Corner in the Landscape," Adv. Theor. Math. Phys. 12 (2008) 2, 
|arXiv: 0706. 3134 [hep-th] [ 

W. Fulton, Introduction to Toric Varieties. Princeton University Press, 1993. 

S.-T. Yau, "Compact three-dimensional Kahler manifolds with zero Ricci 
curvature,". In *Argonne/chicago 1985, Proceedings, Anomalies, Geometry, 
Topology*, 395-406. 

B. R. Greene, K. H. Kirklin, P. J. Miron, and G. G. Ross, "A Three Generation 



Superstring Model. 1. Compactification and Discrete Symmetries," Nucl. Phys 



B278 (1986) 667 



L. J. Dixon, J. A. Harvey, C. Vafa, and E. Witten, "Strings on Orbifolds," Nucl 



Phys. B261 (1985) 678-686 



L. J. Dixon, J. A. Harvey, C. Vafa, and E. Witten, "Strings on Orbifolds. 2.," 



Nucl.Phys. B274 (1986) 285-314, 



22 



[32] A. Strominger, "Massless black holes and conifolds in string theory," Nucl.Phys. 



B451 (1995) 96-108, arXiv:hep-th/9504090 [hep-th] 



[33] R. Gopakumar and C. Vafa, "Branes and fundamental groups," 



Adv.Theor.Math.Phys. 2 (1998) 399-411, arXi v : hep-th/9712 048 [he p-th] 



[34] P. Candelas and X. de la Ossa, "Moduli Space of Calabi-Yau Manifolds," 



Nucl.Phys. B355 (1991) 455-481 



[35] N. Seiberg and E. Witten, "Electric - magnetic duality, monopole condensation, 
and confinement in N=2 supersymmetric Yang-Mills theory," Nucl.Phys. B426 
|(1994) 19-52[|arXiv:hep-th/9407087 [hep-th] [ 



23 



